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ABSTRACT 

An arbitrary  isobaric  surface and the level of non-divergcnce  constitute  the two levels of the  proposrd  model. 
The  vorticity  equation  consistent  with  the  quasi-geostrophic  assumptions is applied at two  levels.  The  thermo- 
dynamic  energy  equation for adiabatic  motion is applied to  the  layer  hetwecn  the  two  levrls. A parabolic profile 
for  the  vertical  motion is assumed.  The  vertical  motion is e1imin:itc.d betwrc.11 the  vorticity and the  thermodynamic 
energy  equations to obtain  prognostic  equations.  The  prognostic  cqnations  are solved by a gcrleralized graphical 
forecast  scheme of successive approximations. Forccast:: and forcJc;tst errors in :I selected  mrteorologicd  situation 
are  discussed. 

1. INTRODUCTION 

The  barotropic  forecast  scheme of Fjgrtoft, [2], [ 3 ]  was 
ext'ended t'o a simple  baroclinic  model by  Estoque [I]. 
The  latter  dealt wit'll R model  between the 1,000 and  the 
500-mb.  surfaces. The 500-mb. forecasts were  rnadc 
with the  barotropic  model,  and a simple  thickness  advec- 
tion  scheme  yielded the 1,000-nib.  forecasts. I t  will be 
our  att'ernpt to generalize  a  t'wo-level  model that may be 
applicable  between  t'he  level of non-divergence and any 
other level. I n  particular, we shall  attempt to apply  the 
theory to  forecast  t'he  300-mb.  height field in  a  selected 
situation. 

In  the  modern age of high-speed computers  it  is difficult 
to place the  importlance of graphical  forecasts when corre- 
sponding  nurnerical  forecast  models are  in  operation. 
Petterssen's [7] view on  this  is  perhaps  still  pertinent: 

The  general  aspects of t'hc  graphical  integration  procedure 
is of considerable  interest;  apart  from  being econonlicnl in 
manpower, it  is highly  transparent  and  enables  the  fore- 
caster  to  remain  in  touch  with  the  problenl  t'hrough all 
st,ages of its  solution. It is  relatively  easy,  therefore, tjo 
identify  assumptions  and  simplifications which contribute 
to satisfactory  and  unsatisfactory  results."  The  two- 
level  simple  baroclinic  model  proposed  here  is  initiated 
with this  in view. 

In  this connection it may be  added  that  the earlier  work 
of Fjgrtoft  on  his  barotropic  and  baroclinic  graphical 
forecast  models [2], [3] led t'o several  quasi-Lagrangian 
numerical  forecast  nlodels  (Wiin-Nielsen [lo], Sawyer [9], 
and  Oakland [SI). Jn Oslo, some  operational  numerical 
forecast  models are  being  carried  out'  utilizing  essentially 
Fjgrtoft's  graphical  forecast  models  where  one uses large 
time  steps of the  order of 6 hours. 

L C  

2. THE BASIC EQUATIONS OF THE  MODEL 

Let  subscript 1 refer to  an  arbitrary level  in  the  atmos- 
phe,re and 2 to  the level of non-divergence. 

Consistent  with  the  nssumptions  pert'inent  to quasi- 
geostrophic  systenls  thc following terms of the vorticity 
equations  are  omitted:  t'he  vertical  advection  terms, the 
twisting  terms,  relative  vort'icity  in  the  divergence term, 
: ~ n t l  ally frictional  contributions. 

Thc  vorticity  equations at levels 1 and 2 may be writt'en 
il S 

where j- is  t'lle vertical  component of relative  vorticity, V 
is the wind  vect'or, f is the Coriolis parameter,  and t is 
time. ll and j-, and  the  advect'ion of vorticity  are evalu- 
tlted with  the geostrophic  winds. 

The  thcrnlodynamic  energy  equation  for adiabatic 
motion  may be written,  with  t'he  aid of the hydrostatic 
equation  in  the  form: 

where z is  height^, p is  pressure, w=dp/dt, and u is  static 
stability.  Jt is convenient to express bzldy by either its 
finite difference equivalent expression ( z l - z z ) / (p l -pz ) ,  or 
if the  hodograph of t'he wind  between  levels 1 and 2 is 
assumed  to be straight, we may  write the adiabatic re- 
lation  in  the  form 

where W ,  refers to a mean  value of w for the layer of 
thickness H. 

Equations  (I), (2), and ( 3 )  are  the  principal equations 
of the model  for the t'hree  unknowns 21, zz, and w. A 
constant  value of the  static  stabilit'y u is assumed. 
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3. THE PARABOLIC VERTICAL  VELOCITY  PROFILE 

Reed [8] utilized a lincw  vertical  velocity profile in 
his discussion of a  two-lcvel  baroclinic  model  betwccn 
the surface and  the 500-1nb. surface.  Knighting's [4] 
work has  more  conclusivc1~-  shown that  t'he  use of a p:~ra- 
bolic profile is not a bad npproximat'iorl. Using multi- 
level quasi-gcost'rophic  nlodels,  he  found that  the vertic:tl 
motion profile over  large  portions of the  map intleetl hat1 
the parabolic  form.  Estoque [ I ]  utilizcd a sinusoitltd 
vertical velocity profile in  his  work. 

Assuming an equtltion of the  form: 

w=ap'+ bp+c 

we shall  impose the following  bountltlry  colltlitions 011  W :  

w=O at 1,000 ~ u b .  
w = O  at 0 rnb. 
W=W? at the level of non-tlivergencc 

Wit'h these  boundary  conditions we r r ~ y  write: 

W= (4) 

where a ] ,  bl ,  and el have  respectively  thc  ~~lagnitudes 
(-1/250,000), (1/250), (O) ,  where thc unit of pressure is R 

millibar. 
It is now  possible to express the divergencc term of 

equation (1) and urn in  terms of t'he w profile given by  
equation (4) 

J PI 

Introducing two  new  variable,^ I and h we may  write 

- f V * V , = l w 2  

am= hw? 

Further, let k=(p , -p2)ha.  Equations (l),  (2),  and (3) 
may now be  written  in  terms of w2: 

4. THE  PREDICTION EQUATIONS AND  THE 
SUCCESSIVE APPROXIMATION SCHEME 

In all such  forrnulat'ions of the  simple  baroclinic models, 

one eliminates the vertical velocitJ- and obtains  prognostic 
equations  for z1 and zz. We  shall proceed in  this conven- 
tiorid nlttnner and elirninate w2. Furt'her, we shall  obtain 
prognostic  equations  for z1 and z2 in  the  manner of Fjgrtoft 
[ 3 ]  and  Estoque [ I ] ,  however, ret-wining all of the advection 
terms. 

Subt'ract (6) from ( 5 )  and subst'itut'e for w2 from (7) 
in  t'he  rcsulting  equation, and we obtain: 

(8) 

Equations (6) and (8) we  thc  prediction equations. 
Equation (6) may  be solved by the conventional 

relaxation  method or by  FjGrtoft's well known  graphical 
forecast scllelne. We shall assulne h e  that equation 
(6) has been solved by one of these  methods and that we 
now have the solution  for say, the  next 24 hours. In the 
following we will be  interested  in  the  solution of equa- 
tion (8) .  

Tntroducing the  Jacobean llotatiorl we may rewrite 
equation ( 8 )  :IS follows: 

Further,  writing 

where m is a map scale  factor, L is the grid-distance  in a 
rect'angular  grid  network  and t'he bar refers to  the  mean 
value of H 2md zl, over  four  surrounding  points  in  the 
convcntional seuse. 

Let 

B= 1 
f l L 2  

l+&jm 

We  shall  attempt  here  to  solve  equation (10) by  a method 
of successive approximations. 

THE FIRST APPROXIMATION 

The first approximat'ion  solution will be  obtained  by 
dropping  the  second  term on the  right  hand side of equa- 
tion (10). This  approximation  is  equivalent  to  an assump- 
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tion of zero  wind shear  between  the  two  levels.  The 
quantity (H-BF) is conserved,  as  in  Estoque's [l] work, 
alt,hough B has a different interpretation.  We  shall use 
a  superscript  inside  parentheses to  indicate  the  order of 
the  approximations: 

(11) 

Advection of (H(l)-B@')) can  be  made  for 12 hours  along 
the  initial  chart of z2 and  for  another  12  hours  along  the 
forecast chart of z2 by  the conventional  graphical  fore- 
casting  methods. The change  in 23'') can  then  be  re- 
covered by  a scheme as follows, Fjgrtoft [3]: 

Let 
A(H(l)-B@l))= Q (a 24-hOlir change) 

then 
A H ( ~ ) = Q + B ~  

We may  then  write 

Hg)  =HI + s c 1 )  

where HI is the  initial  magnitude of thickness  and H($) 
is the forecast  value  to  the  first  approximation. 

We may  then  obtain 

zI($=z~F+H$' 

where zW is the  forecast  value of z2, and zl($ would be  the 
forecast  value of zl, to  the  first  approximation. 

HIGHER ORDER APPROXIMATIONS 

The general  form  for  equation (10) for n>l  may  now 
be written as: 

In   the higher  order  approximations  the  change  in (H(")- 
BZ(")) is obtained  by  terms of one  lower  order  approxi- 
mation.  This  scheme is very  similar  to  many  numerical 
iterations of the  like  kind. 

We may  further  write  a 24-hour change as 

A ( H ( ~ )  -BE(%)) = &(n) 

and 
nH(n)=&(n)+B@n) 

HjP = H I + - ~ H ( n )  (15) 

Z , ' ~ ' = Z ~ F + H ~ )  (16) 

Equations (15) and (16) predict  the  thickness  and  the 
height z1 fields. One would be  obligated  to  demonstrate 
the convergence of such  a  scheme of successive approxima- 
tions.  Such  work can  be  carried  out  on  an  electronic 
comput>er. In   the graphical  forecast  scheme  proposed 

here, we sllall only  suggest the first  few  approximations; 
in practice  these  can  be  carried  out  in  a  laboratory in a 
very  short t'irne, of just  over  one  hour.  We  shall  partially 
justify  the  convergence of the scheme by showing that the 
correction  terms  denlanded by the higher  approxirn' a t' ions 
are 111uch smaller than  the first  approximations. 

In the following  scct'ion we shall  show an example of a 
graphical  forecast  with  illustrations of the  various steps 
and make sorile conlparison  with the verificat'ion  charts. 

5. A CASE STUDY OF A  WINTER STORM OVER THE 
CENTRAL  UNITED STATES 

From  the files of winter  synoptic  situations,  a case 
during  December 31,  1959, through  January 2, 1960, was 
selected. Wc shall  tlernonstrate  here  a 24-hour forecast 
nladc  from  December 31,  1200 GMT, for January 1, 1200 

Of particular  interest  perhaps,  is  the  geostrophic wind 
field associated  with  the 500-1nb. chart shown  in  figure 1 
for  the  initial n ~ a p .  A large  vorticity  center off the west 
coast of North America  with  a  typical  difluent trough 
characterizes  the flow. (The  contours  are  drawn for 
every 100 meters.)  This  initial  chart is a  synoptic situa- 
tion  t8hat  characterizes  development  from  simple considera- 
tions of vorticity  advection  into  the  upper  trough. The 
pertinent  questions  ttlttt we are  interest'ed  in  are  in relation 
to such R development.  The  ridge  over  t'he Midwestern 
States would perhaps  react to any such  development and 
it,s  behavior would  also be of importance  for  the develop- 
ment  and rnovernent of surface  phenomena. 

Figure  2  shows  t'he 500-rnb. chart for January 1 at  1200 
GMT. Tlle  height  analysis  reflects a certain  amount of 
vorticity  advection  into  the  upper  trough.  The winds to 
the  rcar of the  trough  do  not  appear  to  be  as  strong, The 
ridge  over  the  Midwestern  States  has  moved eastward 
over  the  Great.  Lakes  area  without  much  change, The 
difluent  characteristics of the  upper  trough  on  the 31st 
ttre not  maintained  at  this  time. T o  t'he  north of the 
trough-ridge  complex the flow has  remained  from t8he 
west  without  much  change. 

The  barotropic prognostic chart ( z ~ ~ )  is shown  in figure 3 
and is  valid at  the  time of figure 2. The prognostic  chart 
appears  to  be  a  very good forecast  in  relation  to  the posi- 
tion  and  intensity of the  ridge  and  the  general flow pattern. 
In the region of the  trough  barotropic  development is 
noticeable,  this  being  due  to  transformation of the 
earth's  and  shear  vorticities  into  curvature  vorticity in 
the  strong  northwest flow. The reason  for  this slight 
overestimation of t'he  development  may  lie  in  the neglected 
dynamics  (vertical  advection,  twisting effects, and in  the 
assumption of a level of non-divergence  around  the 500- 
rnb.  surface).  Consistent  with  t'his  forecast  for  the level of 
non-divergence we shall  attempt  to  carry  out  the pro- 
posed analysis  for  the 300-nlb. surface. 

The  initial 300-mb. chart  is  shown  in  figure 4 which is 
quite  similar  to  the 500-nib. surface (fig. 1) except 
for st,ronger  winds  and  associated  vorticity  distributions. 

GhfT. 
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face (unit  meters)  valid  January 1, 1200 GMT. 

FIGURE 2."Contours of the 500-1nb. surface (unit meters) for F I G C R E  4."Contours of the 300-mb.  surface  (unit  meters)  for 
January 1 ,  1200 GMT. December 31, 1200 OMT. 
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the 300-mb. surface  (unit  meters) valid January 1 ,  1200 QMT. GMT (unit tllratcrs) 
FIGURE 6.-First approximation 24-hour graphical  forecast for FIGURE 8.-The observed 300-mb. height  for  January 1,1960, 1200 
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A subtropical  jet is noticc:dde at,  this  lcvcl wit11 21 core 
around 32" N. over the northern end of Florida. We 
shall not  display  the  thickness  rharts or the charts of 
various estimated fields that were used in the :lnalysis. 
A chart of the  quantity B is  shown in figure 5 .  We 
notice thtit i t  has a very  snlall  vtlriat'ion  in  the 111eritlio1la1 
direct'ion, and is si~nilur  to the quantity G introducwl by  
Fjgrtoft  in  graphical  smoothing  for  barotropic  forecasting. 

The  300-mb.  forecast fields itre shown  in  figures 6 and 7 .  
These are respectivelp  the first and second order approxi- 
mations zP( l )  and z ~ ( ~ ) .  The corrcction  between the first 
and second  order effects  is  superirnposetl  in figurcl 7 .  
The largest correct'iorls arc of the order of k100 Illctcrs. 
The principal  regions of the  corrections lie dong  the IlIajor 

wind belts,  the  subtropical and the  polar jet strcallls  whtrc 
the shear t'crrn (V,-V,) is  lnrge. 'rhe iso1;lte.d correction 
of -100 meters in the Gulf of  Xlexicao also itppeus to  he 
relat'ed to strong wind shears betwetw the 500- ant1 300-nll). 
surfaces. Figure 7 appears  to be :I significant  improve- 
ment on  figure 6 in  that  the effect of vertical shwr hetween 
the two levels has  been  incorporated. 

It renlains >-et, to corllparc  figure 7 with  the :X)O-n1b. 

verification chart shown i n  figure 8. 'rhe observetl change 
at the 3OO-nlh. surfwe  during  the  24-hour  period  includes: 
deepening of the closed  circulation at  the  trough, consitler- 
able weakening of the  winds  to  the reair of thc trough, and 
slow eastward lllovenlent of the other systetus. The 
forecast' shown bs- figure 7 appears to h:lvc dcscrihetl  most 
of these observed  features  rather  adequately. 

The third order correction was carried  out  in  tlw  test 
exercise, but  is  not recolnrrlended as its  contribution 
appeared small. 

Forecast  verifications are nor~nally  carried out with  soule 
mean square  error  estinlntio~~ schellles. Using the. follow- 
ing schernc 

~ ~~ ~ 'I, (2%) - Z " l )  * d X d ? /  

r-. 

S ( n ) =  / 1' .c .L dX(kl 

.~ - 

Where the  irltcgrds are replacctl by tl  sunlttlation O V C ~  

the entire  areti of cdculatiorl i t  was found that S(') for 
the second  approxinlwtiorl was about 25  Illeters less that1 
S'" . 

The third  order  appl~oxilllution showecl all irlsigl1ifici11lt 
improvement and S 3 )  mtl  S(*) were dlllost  itlenticd. 

6. FURTHER  EXAMPLES 

Only one  ot'her  case  has  been  investigated. The fore- 
cast nlade from January 1, 1960,  1200 GMT for  Jmu:wy 2, 
1960, 1200 GMT showed very similar  results  and hence the 
charts are  not  displayed  here. It, would perhaps be of 
interest to  carry  out  such a proecdure  for vtwying initial 
condit'ions. 

We shall  next  list  the  various  steps of this  iteration 
procedure. 

7. MAIN STEPS IN THE GRAPHICAL FORECAST 
PROCEDURE 

(i)  Obtain  24-hour  grapllictd  forecast  for z2 by a baro- 
tropic  forecasting  model. 

(ii) Assume  conservation ( H ( l ) - B p ( l ) )  and move the 
isopleths of this  quantity  dong  the  two z2 charts 
(initial and forecast'). 

(iii) Evduttte H"' tmtl .$ b>* the recovery  equat>ions 
(15) and (16). 

(iv)  Conlpute  the  Jacobean of the second  term  on  the 
right' of cqu:tt'ion (14) by the  advection  procedure of 

f?BL2 
Estoque.  The  term -7 is  cdculatetl once  for  all, 

4gm 
H(' )  and 2( ' )  being given by step (iii). 

(v)  Add the  correction  demanded by step  (iv)  to  the 
first term on  the  right of equation  (14).  The  quanti- 
ties IF2) and 2% are then recovered by step  (iii). 

The  list'  given  above  does  not  contain  the  conventional 
(lettails on moving  charts;  these  are  not  listed  because  the 
operiltioIls n ~ y  be  found  in any stamhrd test book, such 
:IS Petterssen [7!. 

8. SOME  CONCLUDING REMARKS 

Graphical  forecasting  schemes will perhaps become :I 
dying art if they  are  not  pursued  with  the  impetus  with 
which  t'llcy  emerged in t,he literature since  Fjgrtoft's work 
in 1955. Pcrllaps  the  reason for a  lack of general  enthu- 
siasnl  lies  in the  fact  that  one may accomplish the  same 
purpose  through  the use of fast  computers.  The present 
work  is an attempt to show the efficient working of a 
graphical  forecast  scheme  that  illustrates  the basis of 
certain  modern quitsi-L:lgrurlgiar1 forecast  methods.  The 
time  involved  in c:wrJ-ing out  such  forecasts was fourld to 
be between one z m d  two hours after  careful  planning. 

Tlx  generali t-  of equation (14) suggests its use for 
:m-v t'wo levels of the :ltt~losphere, one of which is a  level 
of non-divergence. 

S o  ltt't'empt has  bcen  made t'o go into  any theoretical 
aspects of the model. The baroclinic  stability  aspects of 
such tt rnodel have been discussed by Mihaljan [5]. 
Because of t'he wide  use of two-level  models in  the research 
on  numerical  weat'her  prediction, :I graphical  prediction 
mtllogue  should  be  illustrat'ive. 

The  300-rnb.  forecast's made by this rnodel suggest that 
the schernr  is  quite  successful  in  producing  reasonable 
results.  Although  only a linlited  number of cases has 
been  tcst'ed so far,  the  author  hopes  to  carry  out a small 
sample of such  forecasts for varying  initial  distributions. 
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